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Chapter 1

Introduction

This document is a tutorial introduction to functional programming, and, more precisely, to the
usage of Caml Light. It has been used to teach Caml Light® in different universities and is intended
for beginners. It contains numerous examples and exercises, and absolute beginners should read it
while sitting in front of a Caml Light toplevel loop, testing examples and variations by themselves.

After generalities about functional programming, some features specific to Caml Light are
described. ML type synthesis and a simple execution model are presented in a complete example
of prototyping a subset of ML.

Part I (chapters 2-6) may be skipped by users familiar with ML. Users with experience in
functional programming, but unfamiliar with the ML dialects may skip the very first chapters and
start at chapter 6, learning the Caml Light syntax from the examples. Part I starts with some
intuition about functions and types and gives an overview of ML and other functional languages
(chapter 2). Chapter 3 outlines the interaction with the Caml Light toplevel loop and its basic
objects. Basic types and some of their associated primitives are presented in chapter 4. Lists
(chapter 5) and user-defined types (chapter 6) are structured data allowing for the representation
of complex objects and their easy creation and destructuration.

While concepts presented in part I are common (under one form or another) to many functional
languages, part B (chapters 7-11) is dedicated to features specific to Caml Light: mutable data
structures (chapter 7), exception handling (chapter 8), input/output (chapter 9) and streams and
parsers (chapter 10) show a more imperative side of the language. Standalone programs and
separate compilation (chapter 11) allow for modular programming and the creation of standalone
applications. Concise examples of Caml Light features are to be found in this part.

Part C (chapters 12-16) is meant for already experienced Caml Light users willing to know more
about how the Caml Light compiler synthesizes the types of expression and how compilation and
evaluation proceeds. Some knowledge about first-order unification is assumed. The presentation
is rather informal, and is sometimes terse (specially in the chapter about type synthesis). We
prototype a small and simple functional language (called ASL): we give the complete prototype
implementation, from the ASL parser to the symbolic execution of code. Lexing and parsing of ASL
programs are presented in chapter 12, providing realistic usages of streams and parsers. Chapter
13 presents an untyped call-by-value semantics of ASL programs through the definition of an ASL
interpreter. The encoding of recursion in untyped ASL is presented in chapter 14, showing the

!The “Caml Strong” version of these notes is available as an INRIA technical report [26].
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expressive power of the language. The type synthesis of functional programs is demonstrated in
chapter 15, using destructive unification (on first-order terms representing types) as a central tool.
Chapter 16 introduces the Categorical Abstract Machine: a simple execution model for call-by-
value functional programs. Although the Caml Light execution model is different from the one
presented here, an intuition about the simple compilation of functional languages can be found in
this chapter.

arning: The programs and remarks (especially contained in parts B and C) might not be
valid in Caml Light versions different from 0.7.



unction

art

ro

r






Chapter

unction n u es

Programming languages are said to be when the basic way of structuring programs is
the notion of and their essential control structure is . For example,
the Lisp language 22, and more precisely its modern successor Scheme 31, 1, has been called
functional because it possesses these two properties.

However, we want the programming notion of function to be as close as possible to the usual
mathematical notion of function. In mathematics, functions are first-class objects: they can be
arbitrarily manipulated. For example, they can be composed, and the composition function is itself
a function.

In mathematics, one would present the function in the following way:

The functional composition could be presented as:

C ) ( ) C )
) C )

where ( ) denotes the space of functions from  to
We remark here the importance of:

1. the notion of a mathematical function always possesses a and a . They
will correspond to the programming notion of type.

2. lexical binding: when we wrote the mathematical definition of , we have assumed
that the addition function  had been previously defined, mapping a pair of natural numbers
to a natural number the meaning of the function is defined using the of
the addition: whatever  denotes in the future, this function will remain the same.

3. the notion of , allowing to express the behavior of as
( ()),i.e. the function which, when given some , returns ( ).

ML dialects (cf. below) respect these notions. But they also allow non-functional programming
styles, and, in this sense, they are functional but not
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historical points:

1930: Alonzo Church developed the -calculus 6 as an attempt to provide a basis for math-
ematics. The -calculus is a formal theory for functionality. The three basic constructs of
the -calculus are:

variable names (e.g. , ,...)
application ( if and  are terms)

functional abstraction (. ).

Terms of the -calculus represent functions. The pure -calculus has been proved inconsis-
tent as a logical theory. Some have been added to it in order to remedy this
inconsistency.

1958: Mac Carthy invented Lisp 22 whose programs have some similarities with terms of
the -calculus. Lisp dialects have been recently evolving in order to be closer to modern
functional languages (Scheme), but they still do not possess a type system.

1965: P. Landin proposed the ISWIM 18 language (for If ou See What I Mean ), which
is the precursor of languages of the ML family.

1978: . Backus introduced FP: a language of combinators 3 and a framework in which it is
possible to reason about programs. The main particularity of FP programs is that they have
no variable names.

1978: R. Milner proposes a language called ML 11 , intended to be the of the
LCF proof assistant (i.e. the language used to program the search of proofs). This language
is inspired by ISWIM (close to -calculus) and possesses an original type system.

1985: D. Turner proposed the Miranda 36 programming language, which uses Milner s type
system but where programs are submitted to

Currently, the two main families of functional languages are the ML and the Miranda families.

ML languages are based on a sugared! version of -calculus. Their evaluation regime is

(i.e. the argument is evaluated before being passed to a function), and they use Milner s type

system.

The LCF proof system appeared in 1972 at Stanford (Stanford LCF). It has been further
developed at Cambridge (Cambridge LCF) where the ML language was added to it.

From 1981 to 1986, a version of ML and its compiler was developed in a collaboration between
INRIA and Cambridge by . Cousineau, . Huet and L. Paulson.

1-
1.€.

ith a more ser frien 1 s nta .
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In 1981, L. Cardelli implemented a version of ML, whose compiler generated native machine
code.

In 1984, a committee of researchers from the universities of Edinburgh and Cambridge, Bell
Laboratories and INRIA, headed by R. Milner worked on a new extended language called Standard
ML 28 . This core language was completed by a module facility designed by D. Mac ueen 23 .

Since 1984, the Caml language has been under design in a collaboration between INRIA and
LIENS ). Its first release appeared in 1987. The main implementors of Caml were Ascander Suarez,
Pierre Weis and Michel Mauny.

In 1989 appeared Standard ML of New- ersey, developed by Andrew Appel (Princeton Univer-
sity) and David Mac ueen (Bell Laboratories).

Caml Light is a smaller, more portable implementation of the core Caml language, developed
by avier Leroy since 1990.

All languages in this family use (i.e. the argument of a function is evaluated if and
when the function needs its value arguments are passed unevaluated to functions). They also use
Milner s type system.

Languages belonging to the Miranda family find their origin in the SASL language 34 (1976)
developed by D. Turner. SASL and its successors ( RC 35 1981, Miranda 36 1985 and Haskell
15 1990) use as programs. These e uations are written in a

(collection of declarations) and the user may evaluate expressions using values defined in this
script. LML (Lazy ML) has been developed in oteborg (Sweeden) its syntax is close to ML s
syntax and it uses a fast execution model: the -machine 16 .

aboratoire Informati e el cole Normale S perie re R e Im aris
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Chapter

sic conce ts

We examine in this chapter some fundamental concepts which we will use and study in the following
chapters. Some of them are specific to the interface with the Caml language (toplevel, global
definitions) while others are applicable to any functional language.

The first contact with Caml is through its interactive aspect’. When running Caml on a computer,
we enter a where Caml waits for input from the user, and then gives a response to
what has been entered.

The beginning of a Caml Light session looks like this (assuming is the shell prompt on the
host machine):

11i h
1 ih erio
On the PC version, the command is called 1.
The character is Caml s prompt. When this character appears at the beginning of a line in

an actual Caml Light session, the toplevel loop is waiting for a new toplevel phrase to be entered.

Throughout this document, the phrases starting by the character represent legal input to
Caml. Since this document has been pre-processed by Caml Light and these lines have been
effectively given as input to a Caml Light process, the reader may reproduce by him/herself the
session contained in each chapter (each chapter of the first two parts contains a different session, the
third part is a single session). Lines starting with the character are Caml Light error messages.
Lines starting by another character are either Caml responses or (possibly) illegal input. The input
is printed in typewriter font (11 e hi ), and output is written using slanted typewriter font (

).

Important: Of course, when developing non-trivial programs, it is preferable to edit programs
in files and then to include the files in the toplevel, instead of entering the programs directly.

!Caml ight implementations also possess a batch compiler sable to compile les an pro ce stan alone appli
cations this ill be isc sse in chapter

13
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Furthermore, when debugging, it is very useful to some functions, to see with what arguments
they are called, and what result they return. See the reference manual 21 for a description of
these facilities.

Let us enter an arithmetic expression and see what is Caml s response:

The expression has been entered, followed by which represents the end of the current
toplevel phrase. When encountering , Caml enters the type-checking (more precisely

) phase, and prints the inferred type for the expression. Then, it compiles code for the
expression, executes it and, finally, prints the result.

In the previous example, the result of evaluation is printed as and the typeis i  : the
type of integers.

The process of evaluation of a Caml expression can be seen as transforming this expression
until no further transformation is allowed. These transformations must preserve semantics. For
example, if the expression has the mathematical object 3 as semantics, then the result
must have the same semantics. The different phases of the Caml evaluation process are:

parsing (checking the syntactic legality of input)
type synthesis

compiling

loading

executing

printing the result of execution.

Let us consider another example: the application of the successor function to . The expression
f io should be read as the function that, given , returns . The juxtapo-
sition of this expression to is
£ io
There are several ways to reduce that value before obtaining the result . Here are two of them

(the expression being reduced at each step is underlined):

f io f io
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The transformations used by Caml during evaluation cannot be described in this chapter, since
they imply knowledge about compilation of Caml programs and machine representation of Caml
values. However, since the basic control structure of Caml is function application, it is uite easy
to give an idea of the transformations involved in the Caml evaluation process by using the kind of
rewriting we used in the last example. The evaluation of the (well-typed) application 1( ), where

1 and  denote arbitrary expressions, consists in the following steps:

Evaluate |, obtaining its value

Evaluate  until it becomes a functional value. Because of the well-typing hypothesis, 1
must represent a function from some type ; to some , and the type of is ;. We will write
(f io ) for the result of the evaluation of ;. It denotes the mathematical object
usually written as:

(where, of course, may depend on )

N.B.: We do not evaluate before we know the value of

Evaluate where has been substituted for all occurrences of . We then get the final value
of the original expression. The result is of type

In the previous example, we evaluate:
to
f io to itself (it is already a function body)
where is substituted for ,i.e. evaluate , getting  as result.

It should be noticed that Caml uses call-by-value: arguments are evaluated before being passed to
functions. The relative evaluation order of the functional expression and of the argument expression
is implementation-dependent, and should not be relied upon. The Caml Light implementation
evaluates arguments before functions (right-to-left evaluation), as shown above the original Caml
implementation evaluates functions before arguments (left-to-right evaluation).

Types and their checking/synthesis are crucial to functional programming: they provide an indica-
tion about the correctness of programs.

The universe of Caml values is partitioned into . A type represents a collection of values.
For example, i  is the type of integer numbers, and flo is the type of oating-point numbers.
Truth values belong to the ool type. Character strings belong to the ri  type. Types are
divided into two classes:

Basic types (1 , ool, ri ,...).
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Compound types such as functional types. For example, the type of functions from integers

to integers is denoted by i i . The type of functions from boolean values to character
strings is written ool ri . The type of pairs whose first component is an integer
and whose second component is a boolean value is written 1 ool.

In fact, any combination of the types above (and even more ) is possible. This could be written as:

BasicType :: i
ool
ri
Type > BasicType
Type Type
Type Type

Once a Caml toplevel phrase has been entered in the computer, the Caml process starts analyzing
it. First of all, it performs , which consists in checking whether the phrase belongs
to the language or not. For example, here is a syntax error (a parenthesis is missing):

£ io
The carets underline the location where the error was detected.
The second analysis performed is : the system attempts to assign a type to each

subexpression of the phrase, and to synthesize the type of the whole phrase. If type analysis fails
(i.e. if the system is unable to assign a sensible type to the phrase), then a type error is reported
and Caml waits for another input, rejecting the current phrase. Here is a type error (cannot add
a number to a boolean):

f io r e

The rejection of ill-typed phrases is called . Compilers for weakly typed languages (C,
for example) would instead issue a warning message and continue their work at the risk of getting
a error or 1lle 1 i r io message at run-time.

Once a sensible type has been deduced for the expression, then the evaluation process (compi-
lation, loading and execution) may begin.

Strong typing enforces writing clear and well-structured programs. Moreover, it adds security
and increases the speed of program development, since most typos and many conceptual errors are

Act all le ical anal sis ta es place before s nta anal sis an ma occ r etecting for instance
ba 1 forme character constants.
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trapped and signaled by the type analysis. Finally, well-typed programs do not need dynamic type
tests (the addition function does not need to test whether or not its arguments are numbers), hence
static type analysis allows for more e cient machine code.

The most important kind of values in functional programming are functional values. Mathemati-
cally, a function of type is a rule of correspondence which associates with each element
of type a uni ue member of type

If denotes an element of , then we will write ( ) for the application of to . Parentheses
are often useless (they are used only for grouping subexpressions), so we could also write ( ( )) as
well as ( (( ))) or simply . The value of is the uni ue element of  associated with by
the rule of correspondence for

The notation ( ) is the one normally employed in mathematics to denote functional appli-
cation. However, we shall be careful not to confuse a function with its application. We say the
function  with formal parameter |, meaning that has been defined by:

or, in Caml, that the body of is something like £ io . Functions are values
as other values. In particular, functions may be passed as arguments to other functions, and/or
returned as result. For example, we could write:

f io f f io f

That function takes as parameter a function (let us call it £) and returns another function which,
when given an argument (let us call it ), will return the predecessor of the value of the application
f .

The type of that function should be read as: i i i i

It is important to give names to values. We have already seen some named values: we called them

. In the expression £ io , the name is a formal parameter.

Its name is irrelevant: changing it into another one does not change the meaning of the expression.
We could have written that function £ io .

If now we apply this function to, say, , we will evaluate the expression where is the
value of . Naming the value of in is written as:

le i

This expression is a legal Caml phrase, and the le construct is indeed widely used in Caml
programs.

The 1le construct introduces . They are because the
scope of is restricted to the expression . The identifier  kept its previous binding (if any)
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after the evaluation of the le ...i ... construct. We can check that has not been globally
defined by trying to evaluate it:

Local bindings using le also introduce of (possibly time-consuming) evaluations. When
evaluating 1le 1 i , 1 gets evaluated only once. All occurrences of in  access the
of 1 which has been computed once. For example, the computation of:

le i of rief or
i i i i

will be less expensive than:

of rief or
of rief or
of rief or

The 1e construct also has a global form for toplevel declarations, as in:

le e or f io

le re f io

When a value has been declared at toplevel, it is of course available during the rest of the session.

Ire e Oor

re
When declaring a functional value, there are some alternative syntaxes available. For example
we could have declared the re function by:

le re

or (closer to the mathematical notation) by:

le re

All these definitions are e uivalent.
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A is the application of a function to some but not all of its arguments. Consider,
for example, the function £ defined by:

le £ £ io
Now, the expression £ denotes the function which when given an argument returns the value
of . The application £ is called a , since £ waits for two successive
arguments, and is applied to only one. The value of £ is still a function.

We may thus define an addition function by:

le i io f io

This can also be written:

le i io

We can then define the successor function by:

le e or iio
Now, we may use our e or function:
e or e or

Exercise 3 1

i i i
i i i
i i i i

Exercise 3 2

Exercise 3 3
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sict es

We examine in this chapter the Caml basic types.

Caml Light provides two numeric types: integers (type i ) and oating-point numbers (type
flo ). Integers are limited to the range 2 ...2 1. Integer arithmetic is taken modulo 2 !
that is, an integer operation that over ows does not raise an error, but the result simply wraps
around. Predefined operations (functions) on integers include:

addition
subtraction and unary minus
multiplication
division
o modulo

Some examples of expressions:

There are precedence rules that make bind tighter than , and so on. In doubt, write extra
parentheses.

So far, we have not seen the type of these arithmetic operations. They all expect two integer
arguments so, they are functions taking one integer and returning a function from integers to
integers. The (functional) value of such infix identifiers may be obtained by taking their
version.

refi

21
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refi
refi o
As shown by their types, the infix operators , ..., do not work on oating-point values. A

separate set of oating-point arithmetic operations is provided:

addition
subtraction and unary minus
multiplication
division
r s uare root
e ,lo exponentiation and logarithm
i, o ,... wusual trigonometric operations

We have two conversion functions to go back and forth between integers and oating-point
numbers: i  of flo and flo of i

flo of i

Let us now give some examples of numerical functions. We start by defining some very simple
functions on numbers:

le re

re

re
le of re re re
le h 1f i

i of re o h1lf i i h1lf 1
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We now develop a classical example: the computation of the root of a function by Newton s
method. Newton s method can be stated as follows: if is an approximation to a root of a function

, then:
()

()

is a better approximation, where () is the derivative of evaluated at . For example, with
() ,we have () 2 ,and therefore:

() -

() 2 2

We can define a function eri for approximating the derivative of a function at a given point

by:

le eri f f f

Provided  is su ciently small, this gives a reasonable estimate of the derivative of at
The following function returns the absolute value of its oating point number argument. It uses

the if ... he ...el e conditional construct.
le if he el e
The main function, given below, uses three local functions. The first one, il, is an example
of a function: it calls itself in its body, and is defined using a le re construct (re
shows that the definition is recursive). It takes three arguments: a predicate on oats, a function
h efrom oatsto oats,and a oat .If is false, then il is called with last argument
h e , otherwise, is the result of the whole call. We will study recursive functions more
closely later. The two other auxiliary functions, i fie and i ro e, takea oat as argument
and deliver respectively a boolean value and a oat. The function i fie asks wether the image

of its argument by f is smaller than e ilo or not, thus testing wether is close enough to a root
of £. The function i ro e computes the next approximation using the formula given below. The
three local functions are defined using a cascade of 1e constructs. The whole function is:

le ew o f e ilo

le re il h e
if he
el e il h e h e i
le i fie f e ilo i
le i ro e f eri f e ilo
i il i fie 1 ro e

Some examples of e uation solving:

le re roo e 1ilo
ew o f io e 1ilo
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i roo e ilo
ew o f io e ilo
re roo e
i roo e

ew O (o] e

The presence of the conditional construct implies the presence of boolean values. The type ool is
composed of two values r eand £ 1 e.

Ir e

The functions with results of type ool are often called . Many predicates are predefined
in Caml. Here are some of them:

refi

refi
There exist also , , , and similarly .
4 ualit

E uality has a special status in functional languages because of functional values. It is easy to test
e uality of values of base types (integers, oating-point numbers, booleans, ...):
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But it is impossible, in the general case, to decide the e uality of functional values. Hence, e uality
stops on a run-time error when it encounters functional values.

Since e uality may be used on values of any type, what is its type E uality takes two arguments
of the same type (whatever type it is) and returns a boolean value. The type of e uality is a
, i.e. may take several possible forms. Indeed, when testing e uality of two

numbers, then its type is i i ool, and when testing e uality of strings, its type is
ri ri ool.
refi
The type of e uality uses , written , , etc. Any type can be substituted to type
variables in order to produces specific of types. For example, substituting i  for
above produces i i ool, which is the type of the e uality function used on integer
values.
4 Con itional
Conditional expressions are of the form if he el e , where is an expression of
type ool and ;, are expressions possessing the same type. As an example, the logical negation

could be written:

le e e if he fleele re
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4 Logical operators

The classical logical operators are available in Caml. Disjunction and conjunction are respectively
written or and

reorfle

The operators and or are not functions. They should not be seen as regular functions, since they
evaluate their second argument only if it is needed. For example, the or operator evaluates its
second operand only if the first one evaluates to £ 1 e. The behavior of these operators may be
described as follows:

1 or is e uivalent to if ; he 1r e el e
1 is e uivalent to if ; he elefle

Negation is predefined:

o re
The o identifier receives a special treatment from the parser: the application o £ is
recognized as o f while £ isidentical to £ . This special treatment explains

why the functional value associated to o can be obtained only using the refi keyword:

refi o

String constants (type ri ) are written between characters (double- uotes). Single-character
constants (type h r) are written between characters (back uotes). The most used string oper-
ation is string concatenation, denoted by the character.

ello orl

refi

Characters are ASCII characters:
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and can be built from their ASCII code as in:
hrofi

Other operations are available ( ri ,i of h r,etc). See the Caml Light reference
manual 21 for complete information.

44 Constructing tuples

It is possible to combine values into tuples (pairs, triples, ...). The for tuples is
the character (the comma). We will often use parentheses around tuples in order to improve
readability, but they are not strictly necessary.

le

The infix identifier is the for tuples. For instance, 1 corresponds to the
mathematical cartesian product of types 1 and
We can build tuples from any values: the tuple value constructor is

44 xtracting pair components

functions are used to extract components of tuples. For pairs, we have:

They have polymorphic types, of course, since they may be applied to any kind of pair. They are
predefined in the Caml system, but could be defined by the user (in fact, the cartesian product
itself could be defined  see section 6.1, dedicated to user-defined product types):

le fir
e o

fir
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We say that fir is a value because it works uniformly on several kinds of arguments
(provided they are pairs). We often confuse between generic and polymorphic , saying that
such value is polymorphic instead of generic.

Patterns and pattern-matching play an important role in ML languages. They appear in all real
programs and are strongly related to types (predefined or user-defined).

A indicates the of a value. Patterns are values with holes . A single variable
(formal parameter) is a pattern (with no shape specified: it matches any value). When a value
is a pattern (this is called ), the pattern acts as a filter. We
already used patterns and pattern-matching in all the functions we wrote: the function body

f io does (trivial) pattern-matching. When applied to a value, the formal
parameter gets bound to that value. The function body £ io does also

pattern-matching: when applied to a value (a pair, because of well-typing hypotheses), the and
get bound respectively to the first and the second component of that pair.
All these pattern-matching examples were trivial ones, they did not involve any test:

formal parameters such as do not impose any particular shape to the value they are supposed
to match

pair patterns such as always match for typing reasons (cartesian product is a
).

However, some types do not guarantee such a uniform shape to their values. Consider the ool
type: an element of type ool is either r eor £ 1 e. If we impose to a value of type ool to
have the shape of r e, then pattern-matching may fail. Consider the following function:

le f f io r e fle

The compiler warns us that the pattern-matching may fail (we did not consider the £ 1 e case).
Thus, if we apply £ to a value that evaluates to r e, pattern-matching will succeed (an e uality
test is performed during execution).

£

But, if £ s argument evaluates to £ 1 e, a run-time error is reported:

£

Here is a correct definition using pattern-matching;:
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le e e f io r e f1le
f1le re
The pattern-matching has now two cases, separated by the character. Cases are examined in

turn, from top to bottom. An e uivalent definition of e e would be:

le e e f io r e fle
re

The second case now matches any boolean value (in fact, only £ 1 esince r e has been caught by
the first match case). When the second case is chosen, the identifier ~gets bound to the argument
of e e, and could be used in the right-hand part of the match case. Since in our example we
do not use the value of the argument in the right-hand part of the second match case, another
e uivalent definition of e e would be:

le e e f io r e f1le
re
Where acts as a formal paramenter (matches any value), but does not introduce any binding:

it should be read as anything else .

As an example of pattern-matching, consider the following function definition (truth value table
of implication):

le i 1 f io re re r e
refle fle
fle re r e
flefle r e

Here is another way of defining i 1 , by using variables:

le 1 1 f io r e
f1le r e

Simpler, and simpler again:

le 1 1 f io r e

le 1 1 f io refle fle
r e

Pattern-matching is allowed on any type of value (non-trivial pattern-matching is only possible on
types with ).
For example:
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le i ero £ io r e f1le
le i e £ io o1 re
i
e re
f1le
The type constructor is predefined and cannot be defined in ML s type system. We shall

explore in this section some further aspects of functions and functional types.

4 Functional composition

Functional composition is easily definable in Caml. It is of course a polymorphic function:

le o oef f io f

The type of o o e contains no more constraints than the ones appearing in the definition: in a
sense, it is the type compatible with these constraints.
These constraints are:

the codomain of and the domain of £ must be the same
must belong to the domain of
o oef will belong to the codomain of f.

Let s see o o e at work:

le
o o e 1i le h
o o e 1i le h
4 Curr ing

We can define two versions of the addition function:
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le 1 f io

le f io f io

These two functions differ only in their way of taking their arguments. The first one will take an
argument belonging to a cartesian product, the second one will take a number and return a function.
The function is said to be of 1  (in honor of the logician Haskell Curry).

The currying transformation may be written in Caml under the form of a higher-order function:

le rr f f io f io f

Its inverse function may be defined by:

le rr f £ io £
We may check the types of rr and rr on particular examples:
rr refi
rr refi
rr 1

Exercise 4 1

Exercise 4 2

if he el e
Exercise 4 3 £ ori 1l
f oril ( 1) ... 21

f ori l

Exercise 4 4 fi o i
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Exercise 4 5

Irr

CHAPTER

ASIC'T PES
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ists

Lists represent an important data structure, mainly because of their success in the Lisp language.
Lists in ML are : a list cannot contain elements of different types. This may be
annoying to new ML users, yet lists are not as fundamental as in Lisp, since ML provides a facility
for introducing new types allowing the user to define more precisely the data structures needed by
the program (cf. chapter 6).

Lists are empty or non empty se uences of elements. They are built with two

, the empty list (read: )

, the non-empty list constructor (read: ). It takes an element and a list , and builds
a new list whose first element ( )is and rest ( )is
The special syntax 1 ... builds the list whose elements are ; ... . It is e uivalent to

A G ).

We may build lists of numbers:

le i

Lists of functions:

le
le
i

33
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and indeed, lists of anything desired.

We may wonder what are the types of the list (data) constructors. The empty list is a list of
anything (since it has no element), it has thus the type . The list constructor
takes an element and a list (containing elements with the same type) and returns a new list. Here
again, there is no type constraint on the elements considered.

f io he f io il he il

We see here that the 1i  type is a type. The constructor receives two arguments
the second argument is itself a 11

We know how to build lists we now show how to test emptiness of lists (although the e uality
predicate could be used for that) and extract elements from lists (e.g. the first one). We have used
pattern-matching on pairs, numbers or boolean values. The syntax of patterns also includes list
patterns. (We will see that any data constructor can actually be used in a pattern.) For lists, at
least two cases have to be considered (empty, non empty):

le i 11 £ io re f1le
le he £ io
rie il re he
le il £ io 1 1
rie il re il
The expression r 1 e il re he will produce a run-time error when evaluated. In the
definition of he above, we have chosen to forbid taking the head of an empty list. We could have
chosen il to evaluate to , but we cannot return a value for he without changing the
type of the he function.
We say that the types 1i  and ool are , because they are defined with several
alternatives:

a list is either or of ...

a boolean value is either r eor f 1 e

Lists and booleans are typical examples of sum types. Sum types are the only types whose
values need run-time tests in order to be matched by a non-variable pattern (i.e. a pattern that is
not a single variable).

The cartesian product is a type (only one alternative). Product types do not involve run-
time tests during pattern-matching, because the type of their values su ces to indicate statically
what their structure is.
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We will see in this section the definition of some useful functions over lists. These functions are of
general interest, but are not exhaustive. Some of them are predefined in the Caml Light system.
See also 9 or 37 for other examples of functions over lists.

Computation of the length of a list:

le re 1le h f io

1 le hl
le h re f£f1e
Concatenating two lists:
le re e
f io 1 1
1 1 e 1 1
The e function is already defined in Caml, and bound to the infix identifier
Reversing a list:
le re re £ io
1 re 1
re
The function applies a function on all the elements of a list, and return the list of the function
results. It demonstrates full functionality (it takes a function as argument), list processing, and
polymorphism (note the sharing of type variables between the arguments of in its type).
le re £
£ io
1 f f1
£ io

le h



36 CHAPTER . ISTS

The following function is a list iterator. It takes a function , a base element and a list
1 .. . It computes:

i1i - C..CC 1 ).

For instance, when applied to the curried addition function, to the base element , and to a list of
numbers, it computes the sum of all elements in the list. The expression:

i 1i refi
evaluates to ((((0 1) 2) 3) 4) 5

l.e. to

le re i 1i f

le i i 1i refi

i 1i refi
The i 1i  function is one of the many ways to iterate over a list. For other list iteration

functions, see 9 .

Exercise 5 1 o ie

Exercise 5 2
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ser de ned t es

The user is allowed to define his/her own data types. With this facility, there is no need to encode
the data structures that must be manipulated by a program into lists (as in Lisp) or into arrays (as
in Fortran). Furthermore, early detection of type errors is enforced, since user-defined data types
re ect precisely the needs of the algorithms.

Types are either:

types,
or types.

We have already seen examples of both kinds of types: the ool and 1i  types are sum types
(they contain values with different shapes and are defined and matched using several alternatives).
The cartesian product is an example of a product type: we know statically the shape of values
belonging to cartesian products.

In this chapter, we will see how to define and use new types in Caml.

Product types are products of types. They are a generalization of cartesian product.
Elements of product types are called

efining pro uct t pes

An example: suppose we want to define a data structure containing information about individuals.

We could define:

le e e e ri

and use pattern-matching to extract any particular information about the person e . The prob-
lem with such usage of cartesian product is that a function e of returning the name field of
a value representing an individual would have the same type as the general first projection for
4-tuples (and indeed would be the same function). This type is not precise enough since it allows
for the application of the function to any 4-uple, and not only to values such as e

Instead of using cartesian product, we define a er o data type:

37
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e er o
e ri e i ) ri i ri
The type er o is the of ri ,i , ri and ri . The field names provide type

information and also documentation: it is much easier to understand data structures such as e
above than arbitrary tuples.

We have (i.e. e, ...) torefer to components of the products. The order of appearance
of the products components is not relevant: labels are su cient to uni uely identify the components.
The Caml system finds a canonical order on labels to represent and print record values. The order
is always the order which appeared in the definition of the type.

We may now define the individual e as:

le e o e i ri

This example illustrates the fact that order of labels is not relevant.

xtracting pro ucts components

The canonical way of extracting product components is . Pattern-matching pro-
vides a way to mention the shape of values and to give (local) names to components of values. In
the following example, we name the numerical value contained in the field e of the argument,
and we choose to forget values contained in other fields (using the character).

le e of f io
e e o i

e of e

It is also possible to access the value of a single field, with the (dot) operator:

Labels always refer to the most recent type definition: when two record types possess some common
labels, then these labels always refer to the most recently defined type. When using modules (see
section 11.2) this problem arises for types defined in the same module. For types defined in different
modules, the full name of labels (i.e. with the name of the modules prepended) disambiguates such
situations.
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arameteri e pro uct t pes

It is important to be able to define parameterized types in order to define data structures.
The 1i  typeis parameterized, and this is the reason why we may build lists of any kind of values.
If we want to define the cartesian product as a Caml type, we need type parameters because we

want to be able to build cartesian product of pair of types.
e ir
le fir e o
le r e
fir

Warning: the ir type is similar to the Caml cartesian product , but it is a different type.

£

Actually, any two type definitions produce different types. If we enter again the previous definition:

e ir
we cannot any longer extract the component of
since the label refers to the type ir that we defined, while s typeis the ir.
A type is the disjoint union of several types. A sum type definition defines a type

as being the union of some other types.
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efining sum t pes
Example: we want to have a type called i e ifi io whose values can be:
either strings (name of an individual),

or integers (encoding of social security number as a pair of integers).

We then need a type containing i i and character strings. We also want to preserve
static type-checking, we thus want to be able to distinguish pairs from character strings even if
they are injected in order to form a single type.

Here is what we would do:

e 1e ifi io e of ri
of i i
The type i e ifi  io is the labeled disjoint union of ri and i i . The labels
e and are . They respectively inject i i and ri into a single type

ie ifi io .
Let us use these injections in order to build new values:

le 1 e e

le 1

alues i and i  belong to the same type. They may for example be put into lists as in:

Injections may possess one argument (as in the example above), or none. The latter case
corresponds’ to , as in Pascal. An example of enumerated type is:

The type i contains only 4 distinct elements. Let us continue this example by defining a type
for cards.

In Caml ight there is no implicit or er on val es of s m t pes.
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ee of i
of i

The type r is the disjoint union of:
i under the injection e,

i under the injection i

i under the injection ee ,

i under the injection ,

the product of i and i under the injection 1 i .

Let us build a list of cards:

le fi re of e i ee
11 r of
f io 1i

fi re of er

11 r of e

xtracting sum components

Of course, pattern-matching is used to extract sum components. In case of sum types, pattern-
matching uses dynamic tests for this extraction. The next example defines a function olor re-
turning the name of the color of the suit argument:

le olor f io i o re

er Ire

Let us count the values of cards (assume we are playing belote ):

le o r f io
e
i
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ee
if r he el e
i
1i if r he el e

ecursi et pes

Some types possess a naturally recursive structure, lists, for example. It is also the case for tree-like
structures, since trees have subtrees that are trees themselves.

Let us define a type for abstract syntax trees of a simple arithmetic language . An arithmetic
expression will be either a numeric constant, or a variable, or the addition, multiplication, difference,
or division of two expressions.

e rihe r o of i
r of ri
1 of r
l of r
i of r
i of r
r r rihe r r rihe

The two types ri h e rand r aresimultaneously defined, and ri h e risrecursive since
its definition refers to r  which itself refers to ri h e r. As an example, one could represent
the abstract syntax tree of the arithmetic expression as the Caml value:

1 r r
r 1 r o) r r

The recursive definition of types may lead to types such that it is hard or impossible to build
values of these types. For example:

e i e i
Elements of this type are data structures. Essentially, the only way to construct one is:
le re i 1l e e i 1le
S nta trees are sai to be beca se the are pieces of contrasting ith

hich is the “string” form of programs anal ing parsing concrete s nta s all pro ces abstract s nta .
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Recursive type definitions should be (i.e. possess a non-recursive case, or
) in order to work well with call-by-value.

4 arameteri e sum t pes

Sum types may also be parameterized. Here is the definition of a type isomorphic to the 1i  type:

e e e e

A more sophisticated example is the type of generic binary trees:

e ree e T of
ree of o e

Iree
o Iree

A binary tree is either a leaf (holding values of type ) or a node composed of an operator (of
type ) and two sons, both of them being binary trees.
Binary trees can also be used to represent abstract trees for arithmetic expressions (with only

binary operators and only one kind of leaves). The abstract syntax tree of could be defined
as:
le ree o e f o e f

Finally, it is time to notice that pattern-matching is not restricted to function bodies, i.e.
constructs such as:
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but there is also a construct dedicated to pattern-matching of actual values:

h wih 1 1

which matches the value of the expression  against each of the patterns | selecting the first one
that matches, and giving control to the corresponding expression. For example, we can match the
tree previously defined by:

h wih ree o o)
efl 0O 0 er or
5 ata constructors an unctions

One may ask: What is the difference between a sum data constructor and a function . At first
sight, they look very similar. We assimilate constant data constructors (such as e r )to constants.
Similarly, in Caml Light, sum data constructors with arguments also possess a functional type:

e

However, a data constructor possesses particular properties that a general function does not possess,
and it is interesting to understand these differences. From the mathematical point of view, a sum

data constructor is known to be an while a Caml function is a general function without
further information. A mathematical injection : admits an inverse function ! from its
image ( ) to

From the examples above, if we consider the i  constructor, then:

le i i

i is the general function associated to the i  constructor, and:

f io i

is the inverse function for i . It is a partial function, since pattern-matching may fail.

egenerate cases hen sums meet pro ucts
What is the status of a sum type with a single case such as:

e o er o er of i
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Of course, the type o  er isisomorphic to i . The injection £ io o er isa
function from i to o er . Itis thusa .
Another way to define a type isomorphic to i  would be:

e o er o er i

The types o er and o er areisomorphic to i . They are at the same time sum and
product types. Their pattern-matching does not perform any run-time test.

The possibility of defining arbitrary complex data types permits the easy manipulation of ab-
stract syntax trees in Caml (such as the ri h e r type above). These abstract syntax trees are
supposed to represent programs of a language (e.g. a language of arithmetic expressions). These
kind of languages which are defined in Caml are called and Caml is said to be
their

New types can be introduced in Caml.

Types may be by type variables. The syntax of type parameters is:

Types can be
Product types:

Mathematical product of several types.

The construct is:

e r e
iel e
where the e s may contain type variables appearing in r
Sum types:

Mathematical disjoint union of several types.

The construct is:

e r e
e io of e

where the e s may contain type variables appearing in r



46

Exercise 6 1

Exercise 6 2
ree

Exercise 6 3

11 i
11 i

le re 1i

CHAPTER
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Mut ed t structures

The definition of a sum or product type may be annotated to allow physical (destructive) update
on data structures of that type. This is the main feature of the style.
Writing values into memory locations is the fundamental mechanism of imperative languages such
as Pascal. The Lisp language, while mostly functional, also provides the dangerous functions r 1
andr 1 to physically modify lists. Mutable structures are re uired to implement many e cient
algorithms. They are also very convenient to represent the current state of a state machine.

Assume we want to define a type er o as in the previous chapter. Then, it seems natural to

allow a person to change his/her age, job and the city that person lives in, but his/her name.
We can do this by annotating some labels in the type definition of er o by the le keyword:
e er o
e ri le e 1
le o ri le i ri

We can build values of type er o in the very same way as before:

le e
e e e ) e i ri
But now, the value e may be physically modified in the fields specified to be le in the
definition (and in these fields).

We can modify the field iel of an expression e r in order to assign it the value of
e r by using the following construct:

e T iel e T
For example if we want e to become one year older, we would write:

e e e e

49
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Now, the value e has been modified into:

e
We may try to change the eof e ,but we won t succeed: the typecheker will not allow us to
do that.

e e 1

It is of course possible to use such constructs in functions as in:

le e ol er e e

In that example, we named the current e of the argument, but we also named the argument.
This is an pattern: it saves us the bother of writing:

le e ol er
h wih e e

Notice that in the two previous expressions, we did not specify all fields of the record . Other
examples would be:

le o e ew 1 i ew 1
h e o o
h e o e e her oe e e
e ol er e e
We used the character between the different changes we imposed to e . This is the

of evaluations: it permits to evaluate successively several expressions, discarding the result of each
(except the last one). This construct becomes useful in the presence of such as physical
modifications and input/output, since we want to explicitly specify the order in which they are
performed.

The ref type is the predefined type of mutable indirection cells. It is present in the Caml system
for reasons of compatibility with earlier versions of Caml. The ref type could be defined as follows
(we don t use the ref name in the following definition because we want to preserve the original
ref type):
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e refere e le ef

Example of building a value of type ref:

le r ref

51

The ref identifier is syntactically presented as a sum data constructor. The definition of r should

be read as let r be a reference to the value of . The value of r is nothing but a memory
location whose contents can be overwritten.
We consult a reference (i.e. read its memory location) with the symbol:
r

We modify values of type ref with the  infix function:

r r

Some primitives are attached to the ref type, for example:

i r

which increments (resp. decrements) references on integers.

Arrays are modifiable data structures. They belong to the parameterized type

expressions are bracketed by  and , and elements are separated by semicolons:

le

The length of an array is returned by with the function e 1le  h:

e le h

e

Array
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7 Accessing arra elements

Accesses to array elements can be done using the following syntax:

or, more generally: 1 , where ; evaluates to an array and  to an integer. Alternatively, the
function e i e is provided:

The first element of an array is at index 0. Arrays are useful because accessing an element is done
in constant time: an array is a contiguous fragment of memory, while accessing list elements takes
linear time.

7 o 1 ing arra elements

Modification of an array element is done with the construct:

1

where  has the same type as the elements of the array 1. The expression  computes the index
at which the modification will occur.
As for accessing, a function for modifying array elements is also provided:

e i

For example:

Imperative programming (i.e. using side-effects such as physical modification of data structures)
traditionally makes use of se uences and explicit loops. Se uencing evaluation in Caml Light is
done by using the semicolon . Evaluating expression 1, discarding the value returned, and then
evaluating  is written:
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1

If { and perform side-effects, this construct ensures that they will be performed in the specified
order (from left to right). In order to emphasize se uential side-effects, instead of using parentheses
around se uences, one can use e i and e , asin:

le ref i

The keywords e i and e are e uivalent to opening and closing parentheses. The program
above could be written as:

le ref i

Explicit loops are not strictly necessary : a recursive function could perform the same
work. However, the usage of an explicit loop locally emphasizes a more imperative style. Two loops
are provided:

: while | o o e evaluates 1 which must return a boolean expression, if 1 return
r e, then  (which is usually a se uence) is evaluated, then 1 is evaluated again and so on
until | returns £ 1 e.

: two variants, increasing and decreasing

for 1 © o o e

for 1 OW © o o e
where is an identifier. Expressions ; and are the bounds of the loop: they must evaluate
to integers. In the case of the increasing loop, the expressions ; and are evaluated

producing values 1 and  :if 1 is strictly greater than | then nothing is done. Otherwise,
is evaluated ( 1) 1 times, with the variable bound successively to 1, 1 1,...,

The behavior of the decreasing loop is similar: if ; is strictly smaller than , then nothing
is done. Otherwise, is evaluated ( 4 ) 1 times with  bound to successive values
decreasing from 1 to

Both loops return the value  of type i .

for i o e le h o i i o e
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There are some restrictions concerning polymorphism and mutable data structures. One cannot
enclose polymorphic objects inside mutable data structures.

le r ref

The reason is that once the type of r, 1li ref, has been computed, it cannot be changed.
But the value of r can be changed: we could write:

r

and now, r would be a reference on a list of numbers while its type would still be 1li ref,
allowing us to write:

r r e r

making r a reference on r e , which is an illegal Caml object.
Thus the Caml typechecker imposes that modifiable data structures appearing at toplevel must
possess monomorphic types (i.e. not polymorphic).

Exercise 71
r rrl rl

Exercise 7 2 i i

Exercise 7 3 i or

k k


































































































































































































































































